A CONCISE AND DIRECT PROOF OF
"FERMAT'S LAST THEOREM"

by Roger Ellman
FERMAT'S LAST THEOREM states:
There can be no non-zero integer solution for n>2 to the equation
(1) all + pit = B

Step 1
Restate the problem as follows:

For x, i, n and f(x,i) all non-zero integers and i<x there is no
solution for n>2 to the equation

(2) x' = [x-1]0 + [f(x,1)]"
That is, make the following substitutions in equation (1):
x1 = ch [x-1]10 = ant [f(x,1)]10 = bN

Clearly there is no difficulty with the x! term nor the [x-i]? term.
Both are integers and perfect nt? powers of integers. The issue now is:

Can f(x, i) be anon-zero integer for n>2 and equation (2) still valid ?

Step 2
The 18t constraint on »™: it must be the difference of <2 and a™.
(3) bt = [f(x,i)]"
= x1 - [x-i]n [Solving
equation (2)]
= x0 - [x0 - n-xP7lei o4 0 & iD] [Binomial
expansion]
= n-xn-1.i = + in
Step 3
The 204 constraint on b™: it must be a perfect nt? power.
(4) BN = [x-310 = [x-3];- [x-F],- [x-F)5+ -+ -[x-3]p
where: b = x-j (just as a = x-1)

j is a non-zero integer, j<x

Step 4

These two constraints are simultaneous. They are for the same b™.
Therefore the two expressions must be identical; they must always
simultaneously deliver the same value of b™.

The order of Step 2, equation (3) is one less than the order of Step 3,
equation (4). To compare the two expressions as an identity their order must
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be the same. That is accomplished by removing one factor of b from each of
equations (3) and (4), as follows.

(5) bt =n-xP"l.i - .0 & 4in [equation 3]
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(The parameter m is necessary because the quantity, n-i, which
factored out normalizes the expressing, is not necessarily equal to b.)

(6) bl = #xfjlll'l[xfj12~'~[xfj1n | [equation 4]
Zl) bnll
= [x=31; - me [lxkdpe [xklge - oo o [x-klp ]
b on-1

(The m here is for identity to be possible -- for the coefficient of the
x1~1 term in the two expressions to be able to be equal, when m=1.)

Step 5

Now, expression (5) and expression (6) must yield the same value for
b1 for all values of x. To establish that condition we will require, for
convenience rather than the entire expressions, that [b?71/_ ] in each
expression yield the same value for all values of x. The two expressions are
(using the binomial theorem expansion formula): in expression (5)

‘n—1
e n-2j 4 if_ilif_zi.xnf3i2 ozl
2-1 3-2-1 n

and in expression (6)

8 -1 -1 -2
% <Nl - - J~xn72k1 + EE——lif——i~xnf3k2 - ... = k-l

+1 2.1 -

Equating the pair of terms of zero order in equations (7) and (8):

9 ‘n—1
(9) in L en-l

I+
Il

The [n-1]t2 root of n is irrational for n>2. [See Step 6, page 5].
Therefore, for n>2, k is irrational and b is irrational and cannot be an
integer, which proves the theorem.

However, k in expression (8) is a function of x. The only values of
k that are able to make the expression for b7~1 in the horizontal bracket to
the right in the second line of expression (6) actually be equal to b2~ are as
follows:
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10 n_1
(1) k = [x _ EE_J /[nfll} [where b is also
n-i a function of x]

which can readily be verified by substitution, that is

(11) | k 1qn-1

Y (a1
. n n-
m~[xfk1n71 — E_i. X - P [EL{

n-i

The problem with k being a function of x is that the apparent terms
of given orders of x and their coefficients are not necessarily as they appear in
expression (8) when expression (9) is substituted for x in expression (8).
However, if the term -coefficients experience no net change from the
substitution, then the comparison of any pair of coefficients is valid even
though k¥ = f(x). That is exactly the situation in the present case (and may
relate to why the theorem withstood proof for three centuries) as follows.

To show this in an overall general form would be too algebraically
complex to contemplate. The pattern can be developed with two examples.

Example #1: n=2

Expression Nr

As on Page 2 Content
(5) bl = 2-x-i - i2
2-1 [ i}
e
m 2
(6) bR = [x-3] - [x—]
= [x-3] + m-[x-k]
(7) [bnfl/ml = x - 1/2
(8) (P 1/0 = x - k
21/
(10) Page 3 K = [X*[__J 1]
2-1
2-x-i-1%7 /1
- [Xﬁ[ 2-1 ] }
=i/2
Substituting (10) .
For the k in (8) [bn’l/nj =x -1/,
gives (8) = (7)



Example #2: n=3

Expression Nr

As on Page 2 Content
(5) M = 3-x2-1 - 3-x-i2 4+ i3
3-1 [ 5 12]
- — m- (x4 - x-1 + —
m 3
(6) b = [x-3]-[x-3]"[x-7]
= [x-]] m- [x-k] - [x-k]
1) (pP=1/0 = x2 - x-i + 12/3
(8) P71/ 1 = x2 - 2-k-x + k2

(10) Page 3 k =

3-1
2 2, 47/
= x—[x%-x-1+14/3] '?
Substituting (10)
For the k in (8) [bn—l/m] = x2 - x-i + 12/4

gives (8) = (7)

This pattern persists for all positive integer values of n. Therefore,
the term coefficients experience no net change from the substitution and the
comparison of any pair of coefficients is valid even though k¥ = f(x).
Therefore, expression (9) is valid and expression (9) shows that k, and
therefore b, are irrational for n>2, which proves the theorem.

[Step 6 begins on the next page].



atep 6
Proofthatthe rz-27% root of = iz trrational

Trial calculations make clear that the numerical walue of the ra-17%8
root of = lies between 2 and 2 as follows.

(14) n%f___
I I

2 2
3 1.732,050,807,7
4 1.607,401,052,1

10 1.291,549, 665,0

107 1.000,000,020,7

Keepmg m mind the significance of the positional notation used m
representing numbers, the notation of a number such as 2.3, for example,
means

t15) 1.3 = 1wi10Y + 3x10-1

The munber at issue, the [n-17%% root of n, being between 2 and 2z can
then be represented as

(1) sbhee- o= 1x109 + ax1071 + bx1072 4+ ..

where a, h, --- are decimal digits 0 through 9.

That number, the [2-17%" root of », must when multiplied by itself
[z-17 times vield the original number, z, an mteger. That is

[n-1]
{17) n = [1x100 + ax10™1 4 pxi02 4 --{

But, exarnining what happens when a rational such number 15 raisew w o power
oreater than one, it becomes clear that the result cannot be an integer.

4 rational mumber i3 one that can be expressed as the ratio of twao
itegers. Because oo iz not a specific number but, rather, the concept "large
without limit" the two mtegers of a rational number cannot be nfinite.
Therefore both of the integers whose ratio makes a ratonal number have a
finite number of non-zero digits and the decinal number representation of the
ratio has a finite number of non-zero digits.

That 15, a rational number has a finite number of non-zero digits to the
right of it decimal point as compared to an wrational number which has an
wfinite number of non-zero digits to the right of itz decimal point. The only
exception to this distinction is the repeating decimal which always 15 a rational
mumber, but its infinte number of non-zero digits to the right of the decimal
point 15 characterized by their repetition.

Any rational number between ¢ and 2 can thu, oo cepresented as m
equation (18) .
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f18) n = 1l.sh -+ pO
+ 0.00 -+ Ou

l.ab -+« pu

whete a, b, --- p, u are decirnal digits able to hawve walues o through o
except that = cannot be zero. The digit p 15 the penultinate, the next to
right-tost digit and the digit « 15 the vltimate, the right most non-zero digit.
In the terms of equation (10)

f18) p is px1i0~F u is uxio~Y

thatis, p 15 i the P* column to the right of the decimal point and » 15 1n
the % such column.

That number, equation {11}, raised to a power can be expressed as

(20) =344
neXP = [[l.ab -+ pO] + [0.00 =-- Du]]
= |:1_ab 0oo pD]EKIJ] + =
+ [Exp-[l.ab -«+ po1®%P-l.rp0.00 --- Du]] + o

+ [[D.DD ce Du]Exﬁ]

The last term of equation (14) 15 the digtt @ rased to the exp power and
posttionally notated i the column corresponding to the walue of s original
column, 10°Y raised tothe exp power, thatis the 207Y"2%P column.

»

The digit = by definition as the right-most significant digit of the
dectmal number cannot be zero, That digit rased to any power produces a
number the right-most digit of which 15 never zero, which can be verified using
the followang tahle.

{21) = 1 2 3 4 3 & 7 (=, =
1 1 2 3 4 5 & 7 g 9
2 2 4 & g 10 12 14 16 185
3 3 & 9 12 15 158 21 24 27
4 4 g 12 16 20 Z4 =28 32 36
5 5 10 15 =20 Z5 30 35 40 45
o & 12 13 24 30 36 42 43 54
7 Too14 21 25 35 42 49 58 63
g g 16 24 32 40 48 56 64 7T
= 9 15 &7 36 45 54 63 FZ 81



For example, the case of 2 = 2 never involves the product 2 = 5 and
therefore never produces a number ending in Zero.

{22) 2 w2 =4
2 = 4 =35
2 = 8 = 1& [Fight-most digit iz &]
2 = 6B = 12 [right-most digit iz 2]

T

The net effect of all of thiz 15 that any non-integer rational number
raised to any integer power greater than 1 can never vield an integer result.
There will always be at least the »=%P “out there" in the 10-Y"S%P column
providing a decimal fraction part of the result.

But this means that for », an integer n>z2, the [n-17%% root of =
can only he irrational.

Then, how can there be any non-integer roots of mtegers at all ¥ The
answer 15 irrational munbers, of course. Consider how such mumbers are ahle
to operate.  An example of irrational roots producing integer powers i3 the
seuare root of 3 That root 18 2. 732,050, 807,77 . an irrational
number which squared equals the integer 3. Picture the multiplication process.

1.732.050.807.77
#» 1.732.050.807.77

wultiply by 1. 1.732,050,807%,77
wultiply by .7 1.212,435, 565,39
wultiply by .03 0.051,961,524,22
sum the above 3 exactly

Spealang non-mathematically the result coming out to exactly 5 seems
like a miracle -- it certainly would seem highly improbable. Vet that i3 what
the infinite string of non-repeating digits to the right of the decimal point i all
wrational numbers 15 capable of,

Irrational numbers have a special power. There 15 no end to their non-
zero digits to the right of the decirnal point -- they go on and on.  They hawve no
"right-most" non-zero digit and consequently can avoid the problem presented
ahowe of the right-most non-zero digit always producing a fractional part of the
result after raising the number to a power. That that 15 so 12 evidenced by the
tnany cases sitnilar to the above example for the square root of 3.

But, what about repeating decimals ? They have a "string of non-zero
digits infinitely to the right of the decimal pomt". Vet they are rational.

Eepeating decimals do not really "hawve an mfinite string of non-zero
digits to the right of the decimal pomt", it 1z pseudo, only apparent, a
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consequence of the nmumber system in use. We use the dectmal system, most
likely because evolution gave us 5 fingers on each of 2 hands.

Consider, as an exatnple, the repeating decimal 1/, = 0.3333
That same numerical value, one item out of three, expressed in the number
system using hase 3 and the digits o, @, 2 15 written 1s,, = 0.1, nota
repeating decimal  Any repeating dectmal expressed in a munber system that
uses as its base the numnber cycle that 1z repeated appears as an ordinary, not
repeating, "decimal" (number system base) in that number system.

Mo tumber system 15 sacred or prime;, only the numerical walues
mvolved are s0. True irrational numbers have "an infintte string of digits to the
right of the decimal point" regardless of the number system i which they are
expressed. The numerical walue, itzelf, is that way  And, that is so0 hecause a
true irrational mumber's digits hawve no cycle of repetition or, rather, that cycle
extends to infinity and so canhot be repeated nor be a number systetn base.



